1* Introduction* H. Bass calls a ring R semi-perfect if every epimorphic image of the J?-module R has a protective cover. In [2] he proved that R is semiperfect if and only if R/J(R) is semisimple and decompositions of R/J(R) can be lifted to R. Erika Mares generalized this concept to modules [15] . Independently, the same class of modules was considered by Y. Miyashita [16] . Combining results of [12; 15; 16] we obtain the following theorem. Here, an i?-module M is called supplemented if, given any submodule N of M there exists a submodule S of M which is minimal with respect to the condition that M = N + S [7] . Throughout, J(M) denotes the Jacobson radical of M.
THEOREM [12; 15; 16] . The following properties of the protective "module M are equivalent.
(
1) Every epimorphic image has a protective cover. (2) M/J(M) is semi-simple, direct decompositions of MfJ(M) can be lifted to M, and J(M) is small in M. (3) M is a direct sum of sum-irreducible modules and J(M) is small in M.
(4) M is supplemented.
( 5 ) M is amply supplemented. If, in addition, M is a progenerator, then (l)- (5) are equivalent to (6) Every M-generated module has a protective cover.
Various parts of this result have been generalized by J. S. Golan [7] , G. Hauger [8] , and R. Wisbauer [20] . In particular, Golan has shown that, for M quasi-projective with small radical, (5) implies ( 7 ) Every non-small submodule of M contains a non-zero direct summand of M [7; p. 178, 3.3] .
In all these generalizations, however, some type of projectivity condition was imposed upon M. The purpose of this article is to drop this restriction and determine how properties (l)-(7) relate to each other for arbitrary ϋί-modules M.
In order to compensate for not requiring M to be projective, we let R be a Dedekind domain. Attention will be focused on the supplemented i?-modules. After establishing their structure (Theorem 4.14) we prove that, for M reduced, properties (3), (4) , and (5) remain equivalent; the other properties need to be modified somewhat, changing from projective covers to quasi-projective covers and from direct decompositions to weak direct decompositions (Theorem 4.17) . If M is not reduced, (4) is still equivalent to weakened versions (2) and (3) (Theorem 4.20), but (4) and (5) cease to be equivalent, thus providing a negative answer to the question whether supplemented modules need to be amply supplemented.
The material is organized as follows. After a preliminary § 2, we consider the category of small i?-modules in the sense of Leonard [14] . In § 3, the structure of small i?-modules is determined (Theorem 3.6). We show that in some instances the smallness of a module is equivalent to the smallness of its radical (Proposition 3.7). The results on small modules are applied to questions concerning the existence of quasi-projective covers. Section 4 is devoted to supplemented modules. We prove that, for R not a field, the iϋ-module M is supplemented if and only if: (i) for each maximal ideal P of R, the set M P of all elements of M which are annihilated by a power of P is a direct sum of a bounded and an artinian submodule; and (ii) M = φ P M P where the summation ranges over all prime ideals P of R, and M o Φ 0 implies R is local and M o is a direct sum of finitely many torsion-free modules of rank one (Theorem 4.14). As a consequence we obtain the fact that the class of supplemented modules need not be closed with respect to submodules, nor need it be closed with respect to extensions. We then consider the relationship between M being supplemented and the other conditions (l)-(7) listed above.
It is not surprising that the strongest analogy to the projective case occurs under the assumption that M is reduced. After all, for R a Dedekind domain, a module M over R is reduced if and only if, for every submodule N of M, N= J(N) implies N = 0. This corresponds to Axiom 5 in Eilenberg's definition of a "Perfect Category" [3; p. 331f]. In essence, a category of modules is "perfect" if every module in it has a projective cover. It was this terminology that later motivated H. Bass' nomenclature of perfect and semiper-feet rings [2; p. 467].
2* Preliminaries* Throughout, R will be a commutative ring with identity. All modules are unital left ί?-modules. Notation and terminology will follow [1] For the most part, R will be a Dedekind domain. i2 is said to be proper if R is not a field. Throughout, K will denote the quotient field of R, and P is the set of all non-zero prime ideals of R. The relevant facts on modules over Dedekind domains can be found in Kaplansky's paper [9] . We summarize: for each PeP, let M P denote the set of all x e M such that P n x = 0 for some integer n ^ 0, and let We will need the following rather technical result. LEMMA We collect this information. By definition, P° = R. LEMMA 
Let M be a module over the Dedekind domain R, let I be a nonzero proper ideal of R and let xeM such that Ix is a weak direct summand of M. Then Rx is torsion,
Proof. If M = Ix (& w T then Rx = Ix + (RxΠ T) and Ixf] (RxΓ) T) < Ix. Assume
Let M be a module over the Dedekind domain R. Then M is sum-irreducible if and only if one of the following conditions is met:
( i) M ^ R\P n , PeP,
n^O an integer; (ii) M^R(P°°), PeP; (iii) R is local and M is torsion-free of rank one.
3* Small modules and quasi-projective covers* A small Rmodule is any uJ-module S such that S < M for some ίJ-module M [14] . In order to determine the small modules over Dedekind domains, we will need the following result. PROPOSITION 
If R is a hereditary ring, then the R-module S is small if and only ifT^S and S/T injective imply S = T.
Proof, Let E be an injective envelope of S [1; p. 207, 18 .10], S <. E. Assume S is small and let T <. S such that S/T is injective. Then S/T is a direct summand of E/T [1; p. 206, 18.7] proving S/T = 0, by 3.1 and 3.2. For the converse, let C ^ Esnch that
We obtain the following consequence using Obviously, the converse of 3.5 is false: if J(R) = 0 then J(F) -0 for every free module F over R [1; p. 196, 17 .10] even though F need not be small.
If R is a field, the only small jR-module is the zero-module. For proper Dedekind domains we have the following structure theorem. THEOREM 
Let M be a module over the proper D.edekind domain R. Then M is small if and only if M contains a free submodule F of finite rank such that M/F is a torsion module and, for each PeP, (M/F) P is bounded.
Proof Let F be a free submodule of M such that M/F is torsion. Assume, firstly, that M is small. Let P be a nonzero prime ideal of R. By 3.4, R(P°°) is no epimorphic image of M. Hence (M/F) P is bounded and, since R(P°°) is countably generated, F must have finite rank. Conversely, suppose that M is of this form. Then 0 is the only divisible factor module of M, and the proof is completed by 2.1 and 3.4. . We find it more natural not to require the last condition and use the terminology of [18] instead. DEFINITION 3.8. The module X is a quasi-projective cover of M if -XT is quasi-projective and M = X/S for some small submodule S of M.
As J. S. Golan has shown, a module has a quasi-projective cover according to our definition if and only if it has a quasi-projective cover in the sense of Wu and Jans [7; p. 176, 1.7] . Since we are concerned with the existence of quasi-projective covers only, the difference in terminology can be ignored.
We shall need two results on the existence of quasi-projective covers.
LEMMA 3.9. Let R be a non-local Dedekind domain and PeP. Then R(P°°) has no quasi-projective cover.
Proof. Suppose X is quasi-projective, S < X and X/S = R{P°°), for some PeP.
We first want to show that S must be torsion. Assume the contrary. Since R is not local, there exists a free submodule F of S such that S/F is torsion and
S/F = (S/F) P © T/F, T/F Φ 0 .

Because of R(P°°) = X/S = (X/F)/{S/F), XIF = (X/F) P 0 T/F, (X/F) P Φ X/P .
Hence X/F = (X/F) P + S/F, and S/F is not small in X/F. This contradicts S < X and we have shown that S is torsion. Since X/S = R(P°°) 9 there exist decompositions By 3.5, S P is bounded. From
R(P~) = X/S = X P /S P
we deduce that X P cannot be reduced. Thus But [6; p. 6, Lemma 4] implies that every proper submodule of A is a direct summand of X which is impossible. The lemma is proven. Proof. For PeP, let n be a positive integer such that P n M P = 0. Then M P is a module over the ring R/P n which is a perfect ring 
If M = N + S, NΠS<S, then J(S) = Sn J{M) and J(M) = [NΠ J(M)] + [S Π J{M)}.
Combining Ci + J = B if i = 1, 2. Clearly, weak direct decompositions of semisimple modules are direct decompositions. PROPOSITION The following observation will be useful. We are ready to determine the structure of torsion-free supplemented modules. A torsion-free module is called completely decomposable if it is a direct sum of submodules of rank one [5; p. 112]. PROPOSITION 
.4. Lei M = N + S, NnS <S. If M/N = J(M/N) then S = J(S).
Proof. Since M/iV and S/(N f] S) are isomorphic,
Sf(NΓίS) -J[SI(NΠ S)] = J(S)/(Nf] S) ,
// J(M) < M, if M/J(M) is semi-simple, and if weak direct decompositions of M/J(M) can be lifted to M, then
Let M be a torsion-free module over the proper Dedekind domain R. If M is supplemented then M is completely decomposable of finite rank, and MφO implies R local.
Proof. Let M -Nξ&D where N is reduced and D is divisible. By 4.5 and Lemma 4.12, D has finite rank and, by 4.11, N is small. By 3.7, if R is local, N is free of finite rank and M has the desired structure. Assume R is not local. By 2.4 the only torsionfree sum-irreducible iϋ-module is the zero-module. Thus, M cannot contain a maximal submodule since any minimal supplement of it would have to be sum-irreducible. It follows that J{M) = M, hence either M -0 or, using 4.5 again, K is supplemented. To show that the latter is impossible, let R S A ^ K such that A/R = R(P°°) for some PeP. By Theorem 3.6, A is not small, and P Φ {P} implies ASK.
Thus, using 4.10, a minimal supplement of A in if would need to be a proper nonzero divisible submodule of K. The nonexistence of such a submodule completes the proof.
A module A is called artinian if its lattice of submodules satisfies the descending chain condition [1; p. 127]. Clearly, artinian modules are supplemented. If A -A P for some PeP, then the following statements are equivalent: (1) A is artinian; (2) A has finite rank; (3) A is a direct sum of finitely many submodules each of which is either isomorphic to R(P°°) or to R/P n , n ^ 0 an integer [10; p. 49, Exercise 49].
Frequent use will be made of the fact that, for R a Dedekind domain, a torsion iϋ-module T is supplemented if and only if, for each PeP, T P is supplemented. Proof. Clearly, sum-irreducible modules are supplemented. Thus, if M has the described structure, by 2.4 and 4.7, M is supplemented provided (BpepM P is supplemented. Again, this will be the case if we can show that every ϋ?-module B with P In particular, each module in C is amply supplemented.
Proof. If all submodules of a module M are supplemented then M is amply supplemented. Thus, the last part of the proposition follows from the first. For R local, submodules of free modules are free [10; p. 44, Lemma 15] . Apply Theorem 4.14.
Our "supplemented" modules and those of [7] are called "komplementiert" in [8; 11; 12; 20] ; the "perfect" modules of [16] coincide with our "amply supplemented" modules. In these papers, various properties of the J?-module M were shown to be equivalent to M being either supplemented or amply supplemented. These equivalences, though not restricting the ring R 9 required M to meet stringent conditions, like being protective [11; 12] , quasi-projective [7; 8; 12; 16] , or 6r[jlίf]-projective [20] . We take the opposite approach: in order to clarify the relationships of the various properties for an arbitrary ϋJ-module M, we require R to be a Dedekind domain but remove the restrictions placed on M.
In the following theorem, we still require M to be reduced. The restriction to nonlocal domains in the second part of 4.17 cannot be dispensed with: if p is a rational prime and Z (p) Proof. Reduced torsion-free modules of rank one over local domains are cyclic [10; p. 48]. Thus, by 4.14, (i) is equivalent to (vi) and, by 3.7 and 2.4, (vi) in turn is equivalent to (v). According to 4.9, (iii) implies (i) and, using 4.15, (i) implies (ii). Assume (ii). Then, because of 4.11, M is small, and the first two conditions in (iii) follow from 3.5 and 4.8. In order to verify the third one, put J = J{M) and let M/J = BJJ(B W B 2 /J.
Then M = B 1 + J3 2 , J^n B 2 -J, and M being amply supplemented implies M -C x @ w C 2 for some CiS M such that C t S B u i = 1, 2. Clearly, C t + J = B it i = 1, 2, and we have derived (iii) from (ii). Clearly (ii) implies (iv). Assume (iv). If S is a weak direct summand contained in J then, by 4.2, J(S) = Sf]J = S, so that S = 0 since M is reduced. Thus, / < M and, in view of 3.7, (vi) holds if we can show that M is torsion or R is local. Suppose M is not torsion. Then M is generated by its nontorsion elements, and M reduced implies Rx -$> J for some xeM with Rx = R. If R is not local, PxίJ for some ideal PeP, thus Px contains a nonsmall weak direct summand of M which must be of the form Ix for some proper ideal IΦ 0 of M. This is impossible by Lemma 2.2, proving R is local. The first six conditions have been shown to be equivalent.
For the remainder of the proof, assume R is not local. Then, by 3.10, the equivalent properties (i) and (vi) together imply both (vii) and (viii Weakening J(M) < M to the postulate that J(M) be almost small in M, some of the conditions of Theorem 4.17 remain equivalent for nonreduced modules. It is clear, in light of Lemma 3.9, that (vii) and (viii) cannot be retained. Conditions (ii) and (iv) do not carry over either: nonreduced supplemented modules need not be amply supplemented, nor do nonsmall submodules necessarily contain nonsmall weak direct summands. This can be seen from the following EXAMPLE 4.19. Let J? be a local Dedekind domain with maximal ideal P which is not complete in its P-adic topology, let K be the quotient field of R, and let M = K@ K. By 4.14, M is supplemented. Let N be an indecomposable submodule of M of rank two [10; p. 46, Theorem 19] . By 3.7, N is not small so that M=N+T for some T S M. Since M/T is divisible, any minimal supplement of T in M. must be divisible, by 4.10. Since N is reduced, N contains no minimal supplement of T in M. Thus, M is supplemented but not amply supplemented. For the same reason, the nonsmall submodule N contains no nonsmall weak direct summand of K since weak direct summands of divisible modules are divisible (cf. 4.2). Also, note that N is not supplemented. 
